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Numerical Solution of PDEs  SMA 5261

Maximum time allowed : 3 ours
Answer any four questions. Each question carries 25 marks.

1. Approximate th

olution to the parabolic initial boundary value problem

u, =u, +1for 0<x<1,6>0;

u(x,0)=0 for 0<x <1,

u,(0,0)~0.5u(0,6) =0 and u_(1,£) + 0.2u(l,t) = 0 for ¢ >0
by means of the explicit and the implicit method using /1 = 0.1 and /2 = 0.05 for different time steps
k . Derive the condition of the absolute stability for the explicit method in the case of the given
boundary conditions. Compare vour approximate solution to the actual solution u(x,)ast — oo,

where u, =0. [25 marks]

2. Consider the boundary value problem for the trapezoidal region G shown in the diagram below:
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Determine the difference equation on the basis of a five-point approximation scheme using h=—.

What are the difference equations for the mesh points, where the mesh sizé is /2 =12 Is the system of

difference equations symmetiic? Sct up the matrix form of the linear system of equations associated
with this problem.

125 marks]|
3. a)Classify the partial differential equation
ou 0 N L 0%
7;+_ x(1-x)—|=Q2+x-x")—. [S marks]
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b) Use the method of characteristics to find the solution at the characteristic grid points R and 7 in the

Xt -plane (see diagram below) hounded by x = 0.2 and x = 0.4, for
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with the initial conditions '
u(x,0)=x, u,(x,0)=0,

and the boundary conditions

u(0,0)=0, u(l,t)=0.

. - . o Ou ou
I"is a non-characteristic curve along which the initial values for u,— and 6‘ are known. The
x t

[ characteristic through P at x = 0.2 intersects with the & characteristic through Qat x = 0.4.

[20 marks]
4. Consider the Initial/Boundary-Value (Parabolic) Problem given by:

u_ 0
o o
Boundary conditions : .
u(0,6) =u(X,0)=0,1>0 (i)
Initial distribution :
u(x,0)=g(x); 0<sx< X (iii)
where g(x)is a given continuous function of x .
The region R and its boundary O , consisting of the lines x = O,x=Xandsr=0,are
covered by a rectangular mesh of points with coordinates
(x,,,2,) = (mh,In); m=0,.,N,N+1;n= 0,1,2,.....

Let the analytical solution of {(i)(ii)(iii)} at (x,,,7, ) be u(x,,,1, ), the solution of an

0<x<X, (>0 i)

approximating difference scheme at (x,,,,1, ) be denoted by uy, and the computed solution actually

obtained( which will include round-off errors) be denoted by i .
(a) For this problem, described here, obtain the following:
(i) The semi-discretised form.
(i) An explicit, four-point, two-time level, finite difference method for solving {(i),(ii).
(iii) The weighting diagram for the four-point, two-time level, finite difference method
(iv) An implicit six-point, two-time level finite difference method. 116 marks|
(b) Show that the local truncation error for an explicit, four-point, two-time level, finite difference
method has principal part equal to
1.0 1 ,,d%

PN EXE [8 marks]




The weak form of the problem
= M) = 266.9)1 () € Qsur, ) = 0,06, ) € 00,
where Q is a polygonal domain with boundary 0Q and g(x, ) is known, is such that

u(x,y) € H'(€) satisfies

a(u,v) =(g,v)forallve H'(Q). [6)
where a(u,v) = jVu.Vvdx,(g,v) = L gvdx. Problem (i) is approximated by the Galerkin

problem in which U(x,y) € § < H'(Q) satisfies

a(U,V) =(g,V)forallV e §. b
where §'is the space of continuous piecewise linear functions defined over a partition of € into
triangular elements ©°. The approximation U is calcul using a linear i ic finite
element method in which the standard triangle 7"in the (&,7) plane is mapped in turn onto each

clement of the partition, with vertices (X, 00, (x/.,y/ (%, ¥, ), and a linear approximation

U(f:']} isusedin 7.

Show that a(u,v), ~(g,v), can be in the form
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where, under the transformation,

(%, p) = 8(E,7),v(x, y) = 3, 1), g(x, y) - &)

and J i the Jacobian of the transformation.

Hence derive the element stiffness matrix for QFand, leaving each term in integral form, the
clement constant vector. Indicate how you would set up the global stiffness equations to solve
the Galerkin problem. [25 marks]




