NATIONAL UNIVERSITY OF SCIENCE AND TECHNOLOGY

DECEMBER 2024 EXAMINATION

Time : 3 hours

Candidates should attempt all questions from Section A [40 MARKS| and ANY THREE
questions in Section B [60 M ARKS].
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SECTION A: Answer ALL questions in this section [40]

If the plane 7 : 2z + by + cz = 1 contains the line 7 () = (4 + 2t,2 — t, —1 — 2¢).

(a) Find the values of b and c. (4]
(b) Find the shortest distance of the point P with position vector 2j + 4k from the
line above. 4] |

Show that if the gradient to the curve y = v/tanz is equal to 1 at the point where

r = a, then tan®a + tan®*a + 3tana — 1 = 0. 5]
2 . 2 _9
Given that lim ot lim = + & 0, find the value of £k and hence
9~ r—95 z—5T T —9
evaluate the limit. 6]
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A4.

AS.

A6.

AT.

BS8.

Solve the equation (2 +2+1)* + (2+ %)z = 0, where * represents the conjugate, giving
your answer in the form z + iy. 5]

Evaluate the following limits

B fing & =1

W M i@-1) ¥
§) lim Z1@=3)

( ) II—+3_ (."L' = 3) - [3]

Find the coordinates of the points on the curve z3 + 3zy? — y® = 5 where the gradient
is undefined. 5]

Given that the real number p is such that Z < arg(w + p) < 2%, where

22 + 41
(2—14)*

W =

find the possible set of values of p. (5]

SECTION B: Answer ANY THREE questions in this section [60]

!
(a) Fmd the value of the constant a if the lines 7= ai + 2j + 3k + A(i — 2j + 3k) and

r=2i+j+ 2k + u(2i — j + k) intersect. 3] |
(b) Hence find the equation of the plane which contains both lines. 5 |
(c) The complex numbers u and v satisfy v+iw = 5 and (1+2i)v —w = 3i. Express

u and v in the form z + 7y,  and y real. 4]
(d) Calculate the least value of arg z for points on the locus |z —2—3i|=1. |3

(e) Given that the variables z and y satisfy the relation siny cos z = sin z, show that

dy secT

dz  \/(cos2z)

(5]
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B9.

B10.

(a) Find the greatest value of the argument of z for points in the region |z — 3i| < 1
and Re z < 0. 3]

(b) The line I has the equation (5 + A)i+ (—3 — 2A)j + (=1 + Ak and the plane p
has the equation (7 —i — 2j).Bi+j+k)=0.

(i) Find the position vector of the point of intersection of the line and the

plane. 3]
(ii) Find the equation of the line which lies in p and intersects the line [ at right
angles. 5]

(c) Find the z-coordinate of the maximum point of the curve y = €“*%sin® z in the
interval 0 < z < 7. 4]

(d) Evaluate
/ 532 gin3 zdzx.
0

5]

(a) Let u =3 —1 and u* be its conjugate, show that tan™*(a) = 2 tan'(b) where a
and b are rational numbers to be found. 4]

(b) The two tangents to the curve z° + y° + 2zy + 8 = 0 at the points where z = 0
and y = 0 meet at an angle a. Find the exact value of tan a. (5]

(c) The line [ has the equation r=4i+3j—k+ p(i+ 2j — 2k) and the plane p has
the equation 2z — 3y — z = 4.

Find the equation of a second plane ¢ which is parallel to [, perpendicular to p
and contains the point with position vector 4j — k. 6]

(d) Find the area enclosed by the lines z = 0, z = 7, the z-axis and the curve

y = sin® z/cos z. 5]
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B11l. (a) Given that the position vectors of points A, B and C are —2i + j + 4k, 5i + 2j
and 81 + 5j — 3k respectively. 1

(i) Find the vector equation of the line | which passes through points B and

C. 2]
(ii) A second line lp given by 7= —2i + j + 4k + p(3i + j — 2k). Find the
coordinates of the point of intersection of the two lines. 3]

| (iii) The point D on [, is such that AB = BD, find the position vector of D. |8
(b) The variables z and 6 satisfy the equation

o
(z* + 9) sin QE:E = (z + 3) cos* 6,

so that when # = 3,z = 3. Find the value of cosf when z = 0. 7]

B12. (a) On a sketch of an Argand diagram, shade the region whose points represent the
complex numbers z satisfying the inequalities |z—4—2¢| < 3 and |z| > |10—2z|. [3]

(b) Find the greatest value of arg (z) for points in this region. 2]

(c) The variables 8 and y are such that

dy 3y
(1+y)(1-|—cc1529)-£ =", |
and y = 0 when 6 = 7. Find the value of tan# when y = 1. [5 |-
h
(d) Show that cos*f —sin®f = 2cos’4 —1=1— 2sin*6 4]

Hence evaluate

ooj=

/ (cos* 6 — sin® @ 4 4 sin® A cos® ) d6.

0|

6]

END OF QUESTION PAPER
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