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NATIONAL UNIVERSITY OF SCIENCE AND TECHNOLOGY 
SMA 2104 

FACULTY O F APPLIED SCIENCES 

DEPARTM ENT OF APPLIED M ATHEMATICS 

SMA2104: PARTIAL DIFFERENTIAL EQUATIONS 

MARCH 2025 EXAl\IIINATION 

Time : 3 hours 

Candidates should attempt ALL questions from Section A [40 MARKS] and ANY THREE 
questions from Section B [60 MARKS]. 

SECTION A 

ANSWER A LL QUESTION S (40 MARKS] 

A l. 
au au . 

Solve the boundary value problem ay = ax; g1ven t hat u(x, 0) = 4e- 3x + 8e-5
x. [6] 

A2. (a) Distinguish between a regular Sturm-Liouville and a periodic sturm-Liouville 
problen1. [5] 

(b) Classify each of the following St urm-Liouville proble1ns as regular , periodic or 
singular justifying your answer in each case. 

(i) y" + 'Ay = 0, y(- 7r) = y(7r) , y'(-7r) = y'(7r). [2] 
(ii) y" + y' + 'Ay = 0, y(O) = y(l) = 0. [2] 

(iii) ((1 -x2 )y')'+'Ay = O, [-1; 1]. [2] 

(c) Convert the following differential equation to Sturm-Liouville form , 
x2 y" + xy' + (x2 + 'A )y = 0. [4] 

(d) Find the eigenvalues and eigenfunctions for t he problem 
y" + 'Ay = 0, y(O) = y(l) = 0. [6] 
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A3. (a) Find the Fourier series of f(x) = sinx, -21r < x <~;where f(x + n) = f(x) . [5] 

(b) Find the Fourier half-range sine series of f(x) = 1 - x on 0 < x < 2. [5] 

A4. Let F(s) denote the Laplace transform of f(t) , i.e. 

{' 00 

F(s) = f(t)e -stdt. 
J O 

Use the definition above to find the Laplace t ransform of cosh t. 

SECTION B 

ANSWER ANY THREE QUESTIONS [60 MARKS] 

B5. 
82u 82u 

(a) Solve the boundary value proble1n ax2 = c2 at2 , (0 < x < l, t > 0) 

given that u(O , t) = u(l, t) = 0, (t > 0) ; 
8u(x, 0) 

and u(x, 0) = j(x), Bt = g(x), where g(x) = x(l- x), (0 <X < l). 

(b) Find the Laplace transforn1 of t cosh t . 

[3] 

(13] 

[7] 

B6. (a) Show that for an even function f(x) of period 2l which satisifies Dirichlet's con­
dit ions. 

' rl 

En = (f(x) - Sn(x)) 2dx 
v - l 

2 rl 2 r l rnx 
is minin1ised if a0 = - f( x)dx and ar = l f( x) cos( l )dx; where 

l v O JO 

n n 
ao "'""" r1rx "'""" . r1rx 

Sn(X) = 2 + L..., arCOS l + L..., brSln l . 
r=l r=l 

(b) (i) Find the Fourier half range cosine series for the funct ion defined by 

j (X) = COSX, 0 < X < 7f . 

(ii) Sketch the function represented by the series over the interval 
- 37f < X < 37f. 

[7] 

[6] 

[3] 

(c) Find the Fourier iransforrn of t he function f(x) = I-I(x)- 2H(x-l) + I-!(x- 2). [4] 
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B7. (a) State P arseval,s theorem and use it to find an integral expression for 1r on t he 
function 

f(x) = H(x + 1)- 1-I(x- 1). 

[ 6] 
(b) Use the convolution theorem using 

1 if X ::; 1, 

0 if lxl > 1. 

to find P (w), the fourier transform of p(x) = f 1(x).f2 (x). [6) 
d2y 

(c) Solve dt2 + 8y = f (t) where f(t) = ltl; - 1 ::; t < 1; j(t + 2) = f(t). [8] 

B8. (a) Show that the eigenfunctions of t he Sturm-Liouville problem y" + >..y = 0, 
3y(1) + y' (1) = 0, y(O) = 0 are given by y = csinax where a is chosen such 

t hat tan a = -t. [10] 

(b) Use the method of seperation of variables to solve the laplace equation 
82u 82u 
Bx2 + By2 = 0, (0 < x < 1), (0 < y < 1), 

given that u(x, 0) = u(x, 1) = 0; 0 < x < 1; 
u ( 0 l y) = 0 and u ( 1, y) = 100; 0 < y < 1 . [ 10] 

END OF QU ESTION PAPER 
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