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Time : 3 hours

Candidates should attempt all questions from Section A [40 MARKS] and ANY THREE
questions in Section B [60 MARKS].

SECTION A

Al. Let X be the normed space whose points are sequences of complex numbers z = {§;}

with only finitely many non-zero terms and norm defined by ||z|| = sup, |;|. Let
T : X — X be defined by ‘

1 1
| Tx = (611 5621 %531 .o ) == (36.?)

Show that 7T is linear and bounded, but 77! is unbounded. Does this contradict the
Bounded Inverse Theorem? 8]

A2. Let  C R™ be an open subset and let (£2,)n € N be an exhaustion of 2 by open sets
with compact closure, that is, each 2, C R™ is open, {2, is compact and contained in
Q, Q0 C Qptq and Q = |, oy 2n. Define

N = glleoan) |
d(f,9) = ZN Sy 9lloo(an)

for every continuous, real-valued functions f, g € C°(2, R).
Prove that d defines a metric in C°(Q2, R). 7]
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A3. The space P, p > 1 consists of all sequences x = {z,},z, € R with the norm defined

by
1
x| = () leiP)?, ) |zl < oo

Show that ¢ is a Banach space. 8]

A4. (a) Let X be a real vector space and p a sub-linear functional defined on X, which
has the following properties.

(i) Positive Homogeneity

p(ax) = ap(z) for all a>0
(ii) Sub-Additivity
p(z+y) < pz)+p(y) forall z,y € X
Y denotes a subspace of X on which a functional ¢ is defined that is dominated

by p:
ly) <ply) Vyey

Prove the assertion below :
3 L : X — R that has the following properties

(i) L is linear

(i) L(y) =£(y) VyeY
(iii) L(z) <p(z) VzeX

[15]
Note : In other words prove that £ can be extended to all of X as a linear functional
dominated by p

(b) If p is a sublinear functional on a real vector space X, show that there exists a
linear functional f on X such that —p(—z) < f(z) < p(z). 2]
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SECTION B

Answer any THREE questions from this section [60 MARKS]

(a) Let (X,d) be a complete metric space. Suppose T : X — X satisfies

d(T'(z), T(y) < ad(z,y)

For every z,y € X, where 0 < a<1. Prove that T has a unique fixed point in X,
i.e., there exists only one z € X such that T'(z) = z

9]

(b) Consider the Fredholm integral equation

z(s) = y(s) + pf K(s,t)z(t)dt

Where K(s,t) is continuous on [a,b] X [a,b],y € C|a,b] and |K(s,t)| < A for all
(s,t) € [a, 0] X [a, ]

Show that this integral equation has a unique solution on [a, b].

6]
(c) Show that T : R — R defined by
T(z) = g-l-a:—-ta.n”lﬂ:
has no fixed point, and
T(z) —T(y)| <|z—y| forallz#yek.
Why doesn’t this example contradict the contraction mapping theorem? 5]

|
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B6. (Heisenberg’s Uncertainty Principle) Let (H,(-,-)x) be a Hilbert space over C. Let
D4, Dp C H be dense subspaces and let A: Dy C H— Hand B: Dg C H— H be
symmetric linear operators. Assume that

SMA5111

A(DpsNDp)C Dp and B(DaNDpg)C Dy,

and define the commutator of A and B as

|[A,B]| : Dia,gpy C H— H, [A,B](z)— A(Bz)— B(Az),

where Dy g := D4 N Dp.

(a) Prove that

(z, A, Blz)u| < 2||Az||x||Bally for every z € D[A, B].
3

(b) Define now the standard deviation of A

¢(Ax) = \/(A:r:, Az)y — (z, Az)%

at each z € Dy with ||z||g = 1. Verify that ¢(A, z) is well-defined for every z (i.e.
that the radicand is real and non-negative) and prove that for every z € D[A, B]
with ||z||z = 1 there holds

Iz, [A, Blz)n| < 2¢(A, z)s(B, z).

Remark. The possible states of a quantum mechanical system are given by el-
ements x € H with ||z||z = 1. Each observable is given by a symmetric linear
operator A : Dy C H — H. If the system is in state x € D4, we measure the
observable A with uncertainty ¢(A, z). [10]

Consider the Hilbert space (H, (-, )y) = (L?([0,1],C), {-,-)z2) and the subspace
Cy([0,1],C) := {f € C'([0,1],C) | f(0) =0= f(1)}.
Recall that C;([0,1],C) c L?([0,1],C) is a dense subspace. The operators

P:C,([0,1],C) = L?*([0,1],C), @ : L?*([0,1],C) — L?(0,1],C)
f(s) = if'(s) f(s) — sf(s)

correspond to the observables momentum and position.

Show that P and () form a Heisenberg pair and conclude that the uncertainty
principle holds: for every f € Cj([0,1],C) with || f||L2(jo,11,c) = 1 there holds

o(P. 5@ 1) 2 5

Thus we conclude: The more precisely the momentum of some particle is known,

I the less precisely its position can be known, and vice versa. 7]
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| B7. (a) Show that the space (C[0,1],|| - ||s), Where ||z||lco = SUPg<i<; |[Z(t)|, is not an
inner product space, hence not a Hilbert space. [4]

(b) Let a,b be real numbers such that a < b. Consider the Hilbert space L?[a, b] over
R and the operator T": L?[a,b] — R defined by

b
Tf=/ f(z)dz, f € L*[a,b]

(i) Show that 7" is bounded. Compute ||T||. 7]
(ii) According to the Riesz’s Theorem, there exists a function g € L?[a,b] such
that

Tf ={f,g) for all f € L?[a,b] |
Find such a function g and verify that ||g||zz = ||T. 2]
(c) Let H be a Hilbert space.

(i) Prove that for any two subspaces M, N of H we have

(M+ Nt =MNN: |

(ii) Prove that for any two closed subspaces E, F' of H we have

(ENF)*=EL+ F!
2]

B8. (a) Define a bounded linear operator 2]
(b) State the Uniform Boundedness Theorem and prove it [11]

(c) If X and Y are Banach spaces and T,, € B(X,Y),n = 1,2,---, show that the
following are equivalent :
(i) (||Z%]|) is bounded,
(ii) (||7%z||) is bounded for all z € X,
(iii) (Jg (Tnx)|) is bounded for all z € X and all g € Y".

END OF QUESTION PAPER
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