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SECTION A
Define the following terms:
(a) A dynamical system; 2
(b) Chaos; 2
(c) Bifurcation. 2]

Show that the dynamical system given by £ = r — z — e™ " undergoes a saddle node

bifurcation. Note that the normal form for a saddle node bifurcation is given by
& =r—z%ri=r+z" [10]

Using the dynamical system & = —y+az(z*+9?), ¥ = z+ay(z®+y*), discuss whether
linearisation is a reliable method. 110]

(a) Distinguish between a flow and a map. 4]

(b) Using the difference equation z,.; = rz,(1 — z), find the stationary points of
the system and determine the range of values of r for which these are stable or

unstable. [10]
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SECTION B :

B5. The Lorenz equation are given by
t=0(y—z),y=rr—y—x2,2 =12Y — 2,

(a) Find all fixed points of the system. 4

(b) Use linearisation to determine the stability of the origin. 6

(c) Given the Liapunov function V(z,y, z) = 22* + y* + 2°. Show that the origin is
asymptotically stable for all trajectories whenever r < 1 [10]

B6. Given the map z,+1 = rz,(1 — z,);

(a) Find all the stationary points. 14

(b) Determine the parameter range for which they are stable or unstable. 6

(c) Find the 2-cycle for this system, i.e, x = f(f(z)) and determine the range of
values of r for which these are stable.

Hint: A = f'(p)f'(q), z(rz — (r = 1))(r*z* —r(1 + 1)z + (r + 1)). 10}

B7. (a) Consider an undamped harmonic oscillator, # + sin = 0. Find the potential for

the system and plot the phase diagram for the system. 8]
(b) Now consider a damped harmonic oscillator 6 + 86 +sinf = 0. Find the potential
for the system and plot the phase diagram for the system. 8]
(c) Show that the system in (a) is conserved and the system in (b) is dissipative.
dE
Hint: find — 4
int: find — 4]

B8. (a) Consider the system given by 7 = r(1 — ) + ur cos#, § = 1. Show that there

exists a limit cycle for this system. [10]
(b) Show that a dynamical system given by & = rinz+xz —1 undergoes a transcritical

bifurcation.

Hint: the normal for of transcritical bifurcation is & = rz — z° 110]

END OF QUESTION PAPER __'
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