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Al.(a) (i) Find the fixed points of the following equations. 

(i) 

(ii) 

x=x+1 

.X= x 3
- x. 

ii) Construct the phase portraits for each equation in(i). 

[2] 

[3] 

[5] 

(iii) Hence determine the nature(attractor, repeller or shunt) of each fixed 

point in (i). [4] 

(b) The equation of motion of a spring-mass system with damping is 

d 2u du 
m dt2 + c dt + ku = 0 

where m, c, and k are positive. 

(i) Write this second order equation as a system of two first order 

equations using the standard substitution x = u, y = ~. [4] 
dt 

(ii) Show that x = 0, y = 0 is a critical point, and analyze the 

nature and stability of the critical point as a function of the 

parameters m, c, and k. 

A2. (a) Find the general solution of the linear system 

1 1 2 
X'= 1 2 1 X. 

2 1 1 

(b) Let A = ( _; !) . 
Find 

(i) the Jordan form of rna trix A. 

(ii) the matrix M which satisfies J = M-1 AM. 

(c) Find the matrix representation of the linear system 

X1 = X1 + 2xz 
x2 = 2x2 

[5] 

[11] 

[3] 

[3] 
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under the change of variables 
X1 = Y1+ 2yz 
Xz = Yz 

A3. (a) Consider the one-dimensional equation 

x' = x 2 + 3ax + 2a2 

where a is a real constant. 

(i) Find the equilibrium points of the equation. 

[6] 

[3] 

(ii) The equation has qualitative different phase portraits depending on a. 

sketch the phase portraits for the equation when a< 0, when a= 01 and 

when a> 0. 

(b) Solve the System X' = ( 1
5 

3) X+ (12t- 11) th . t l ( ) 
3 

_
3 

on e 1n erva -oo~ oo . 

using method of undetermined coefficients. 

A4. (a) Consider Predator-prey Model described by the non-linear system 

dx 
dt=y 

dy 2 -= x - y -1 
dt 

(i) Find all the fixed points of the system. 

(ii) For each of the fixed point, determine the linearisation of the 

system at each fixed point using the J acobian matrix. 

(iii) Describe the type of fixed points you found in (i). 

(b) Determine the critical point (x01 y0 ) and then classify its type 
and examine its stability by making the transformations. 

X= Xo + U 

Y =Yo+ v 

for the following equation; 

[9] 

[1 3] 

[3] 

[8] 

(4] 

dx dy - = x + y - 1 - = 2x - y - 5 . 
dt ' dt 

[10] 
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A5.(a) Consider the syste1n 

(i) 

(ii) 

X'=(; {)x 

Find the general solution of the system. 

Hence sketch the phase portrait for the system. 

(b) Consider the autonomous syste1n 

* = f(x), f(x) = -r ( 1- ~) ( 1- ~) x, where r > 0 and 0 < T < K. 

[5] 

[5] 

(i) Sketch the graph of f(x) versus x. [3] 

- - --- - - - ----

(ii) Obtain the critical points and detennine the nahtre of their stability and construct 

a phase portrait for each point. [9] 

(iii)Sketch the qualitative graph of x(t) versus t [3] 

END OF EXAMINATION PAPER 
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STABILITY DIAGRAM 

q 

Asymp. stable, spiral point Unstable, spiral point 

Stable 
center {I 

0'?$ 6 = p 2 - 4q = 0 
<::' 
~ 

~oQ. Unstable 
;~ node 

0 -
p} 

<(<-0~ 

1o ©~ 
~,... 

Asymp. stable o,... ~ 
node ~/; tl = p 2 - 4q < 0 

'?o. 
($)/" 

1). 
Q:r~s 

Unstable, saddle point 
p 

11 = p 2- 4q > 0 

STABILITY PROPERTIES OF LINEAR SYSTEMS 

Ejgenvalues 

r > 1'? > 0 l -

rt < r2 < 0 
r2 < 0 < r1 

,.1 = '2 > 0 
rt = r2 < 0 
r1 ,r2 = A± ill 

) .. > 0 
)~ < 0 

Type of Critical Point 

Node 
Node 
SaddJe point 
Proper or in1proper node 
Proper or in1proper node 
Spiral poinf 

Center 

S ta bilitv .• 

Unstable 
Asyrnptotically stable 
Unstable 
Unstable 
Asy1nptotically stable 

Unstable 
Asytnprotically stable 
Stable 
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