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Al.(a) (1) Find the fixed points of the following equations.

(1) x=x+1 [2]
(11) x = x3 —x. [3]
11) Construct the phase portraits for each equation in(i). [5]

(111) Hence determine the nature(attractor, repellor or shunt) of each fixed

point 1n (1). (4]
(b) The equation of motion of a spring—mass system with damping is

By s
CRE e g e =

| where m, ¢,and k are positive.

(1) Write this second order equation as a system of two first order

adu

equations using the standard substitution x = u, y = == [4]

(11)  Show that x = 0,y = 01s a critical point, and analyze the
nature and stability of the critical point as a function of the

parameters m, ¢, and k. [5]

A2. (a) Find the general solution of the linear system

L. I 2
X'’ =( 1 2 1)x. 1]

2 1

7 2
® LetAa=(_5 ,).
Find

(1) the Jordan form of matrix A. [3]
(i1) the matrix M which satisfies ] = M~1AM. 3]

(c) Find the matrix representation of the linear system

:’21 = x1+ 21‘2
ilz = 2.:('2
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under the change of variables
X1 = Y1+ 2y,
6
X2 = Y2 (6]

A3. (a) Consider the one-dimensional equation
x' = x% + 3ax + 2a*
where a 1s a real constant.

(1) Find the equilibrium points of the equation. [3]
(11) The equation has qualitative different phase portraits depending on a.
sketch the phase portraits for the equation when a < 0, when a = 0, and

when a > 0. 19]

(b) Solve the system X' = ( 15 g’) X+ (12’:__3 11) on the interval (—oo, o).

using method of undetermined coefficients. [13]

A4. (a) Consider Predator-prey Model described by the non-linear system

(1) Find all the fixed points of the system. [3]
(11) For each of the fixed point, determine the linearisation of the

system at each fixed point using the Jacobian matrix. 8]

(111)  Describe the type of fixed points you found in (3). [4]

(b) Determine the critical point (x,, y,) and then classify its type
and examine 1ts stability by making the transformations.

=xﬂ+u

Y=YtV
for the following equation;

ax _ Ei_Ji_ o
= = gy, tit---Z;r y—5. [10]
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A5.(a) Consider the system

r_ 2 3
X' = (2 ; )%
l (1) Find the general solution of the system. 5]
(1) Hence sketch the phase portrait for the system. [8)]

(b) Consider the autonomous system

%‘f= f(x), f(x) =—r (1 —?fn) (1 —ﬁ)x, where ¥ > 0and 0 < T < K.

(1) Sketch the graph of f(x) versus x. [3]

(1) Obtain the critical points and determine the nature of their stability and construct
a phase portrait for each point. 9]

(111)Sketch the qualitative graph of x(t) versus t El

END OF EXAMINATION PAPER
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STABILITY DIAGRAM
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STABILITY PROPERTIES OF LINEAR SYSTEMS

= _mn =

Eigenvalues Type of Critical Point Stability
rn>nrn>l Node Unstable
n<n<( Node Asymptotically stable
<< Saddle point Unstable
n=n>_ Proper or improper node Unstable
n=n<l Proper or improper node Asymptotically stable
r.h =Axip Spiral point

po> Unstable

A< Asymptotically stable
o =ip.r=—iu Center Stable

-
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