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AI.(a) (i)Define a metric on X. [3] 

(ii) Consider the metric integral defined on C [a, b] by 

d(x, y) = Jb lx(t) - y(t) ld t 
a 

Show that d is a metric. [8] 

(b) Let (X, d) be a Metric Space and the metric induced by the norm on X is 

defined by d(x, y) = llx - Yll. 

(i) Prove that d defines a metric on X. [8] 

(ii) Show that d satisfies the translation invariant properties, 

d(x +a, y +a) = d(x. y) and d(ax, ay) = lald(x, y). [6] 

A2.(a) Let X be a Normed Space given by llxllp = [2:£ 1 l(dP]11P. Verify that II. lip 

defines a norm in [P. [8] 

(b). Suppose (f,g) = f~1 f(x)g(x)dx, given that f(x) = x + 2 and g(x) = 3x- 2. 

Evaluate 

(i) (f,.g) 

(ii) II! - g II 

(c) Let Cxn) and CYn) be sequences in an metric space (X, d) , show that if 

Xn ~ x and Yn ~ y in X then d(xn ,yn) = d(x,y) 

A3. (a) Let (X,(.,.)) be an Innner Product Space. Show that 

(i) (x, y + z) = (x, y) + (x, z) 

(ii) (x, A.y) = A.(x, y) 
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(b) Prove that (X1 (. J • )) is an Inner Product Space, where x = lffi.n and(. } . ) is 

defined by (x, y) = l:f= 1 ((i]i such that x = ((1 , ( 2 , ( 3 , ... } (n) and 

[10] 

(c) The functional space C[O~ 1] with the norm defined by llxll oo = 0~~flx(t)l. 

By taking x(t) = 1 and y(t) = t Prove that the space C[O, 1] is not an Inner 
Product Space. [9] 

A4. (a) Make use of the triangle inequality to show that 

I d (X J z) - d (y} z) I :::; d (X J y). [ 5] 

b).If x andy are orthogonal vectors Inner Product Space X. Prove that, 
(i) llx + yll 2 = llxll 2 + llyll 2

• (4] 

(ii) llx- Yll 2 = llxll 2 + IIYII 2
. [4] 

(iii).Hence, sh ow that llx + yll 2 + llx- Yll 2 = 2(llxll 2 + IIY II2 ). [2] 

(c) Use the Gram-Schmidt a lgorithm to find an orthogonal and othonormal basis 

for the subspace V of ~4 spanned by 

u = (1, 1, 1, 1), v = (1, 21 41 5) and w = (1, -3, -4~ - 2). (10] 

A5. (a) Define a linear operator. [3] 

(b) Let X andY be a normed linear space over F. Given that B(X~ Y) is a set of 

bounded linear operators with norm T defined by liT II. Prove that B(X~ Y) is a 

normed linear space over F. 

(c) Prove the Cauchy Schwarz inequality I( x, y)l :::; llxii . IIYII, for all 

XI y E X I 

(d) An Inner Product Space is a metric space defined by 

d(x~ y) = llx- yll = .J (x- Y~ x- y)} x, y EX. Show that d satisfies all the 

properties of a metric on X. 

END OF EXAMINATION PAPER 
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